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On Strings with Trivial Kolmogorov Complexity
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Abstract The Kolmogorov complexity of a string is the length of the shortest program that
generates it. A binary string is said to have trivial Kolmogorox\co plexity if its complexity
is at most the complexity of its length. Intuitively, such strings carry no more information
than the information that is inevitably coded into their length (which is the same as the
information coded into a sequence of Os of the sal}xq length). We study the set of these
trivial sequences from a computational perspectiye\and with respect to plain and prefix-free
Kolmogorov complexity. This work parallels the well known study of the set of nonrandom
strings (which was initiated by Kolmog O\N developed by Kummer, Muchnik, Stephan,
Allender and others) and points to several.directions for further research.
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1 Introductjo}l

In order to measure the information that is coded into binary strings, Kolmogo-
rovl? provided a formal framework which is based on the theory of comp}ltability
and Turing machines. Given a Turing machine M that operates on {;nary,strings,
the Kolmogorov complexity of a string o relative to M is the length of the shortest
string (program) 7 such that M(7) = o (in words, 7 is a description of o). If there
is no such string 7, then this complexity of ¢ is infinite. We denote the Kolmogorov
complexity of o relative to M by Cps(o). The existence o}\thimal universal Turing
machines allows for a theory of Kolmogorov complexity that‘does not depend on the
underlying Turing machine M in any essential Way\

Definition 1.1 (Optimal machines, see'Ref.\[11]). An optimal universal
machine U is a Turing machine with the following property: every Turing machine
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M can be associated with a constant ¢ such that for all o, if M(o) is defined then
M (o) = U(r) for some string 7 such that |7| < |o| + c.

In other words, an optimal universal machine can simulate any other machine
with only a constant overhead. Let U be the machine that acts on input 0°lo by
simulating the machine with code e on input ¢ and outputs the result of this com-
putation. Clearly the Kolmogorov complexity of strings with respect to any other
Turing machine M can only be smaller than the one with respect to U by at most a
fixed constant (corresponding to its code). Hence without loss of generality we may
fix U as the underlying machine and denote the corresponding complexity by C. A
variation of this approach is obtained when we restrict oun considérations to prefix-
free Turing machines, i.e. with prefix-free domain (no string'in it 4§ an extension of
another). The above considerations allow for the definition of prefix-free complexity
K which is based on an underlying optimal universal préfix-free machine. The latter
is defined as in Definition 1.1 but restricted to prefix-free machines.

Kolmogorov!? called a string ¢ random.if € (0?) > |o| and showed that the set of
non-random strings is simple (i.e. computably enumerable and its complement does
not contain any infinite computably el}ugner ble sets). Intuitively, a string is random if
it contains a lot of information. The study of the computational properties of the set of
non-random strings continued wigh the work of Kummer, Muchnik, Stephan, Allender
and others. Kummer['% used a non-uniform argument in order to show that it is truth
table complete. Muchnik and Positselsky'®! studied the set of non-random strings
with respect to preﬁx—fre?a Kolmogorov complexity and showed it may be truth table
incomplete ifva certain underlying optimal universal prefix-free machine is chosen.
On the other h‘anﬂ Allender, Buhrman, and Koucky!*?! showed that the latter can be
truth table complete under a suitably chosen underlying optimal universal prefix-free
machine, and studied the same question with respect to resource-bounded, versions
of Kolmogorov complexity. Stephan!'”) studied the set of nonrandom strings (with
respect to C and K) further, in the context of the lattice of computab%r enumerable
sets and the Ershov hierarchy of n-c.e. sets. ,

In this paper we are interested in the collection of strings that are very far from
being random. These strings can be described as easily as a sequence of Os of the
same length. In other words, in terms of Kolmogorov complexity such a string is as
simple as the one that we obtain if we switch all of its digits to 0. This notion can be
formalized in terms of plain or prefix-free complexi\tgkas follows.

Definition 1.2 (K. and C. trivial strings). A string o is called K,-trivial
it K(o) < K(Jo|) + e. Similarly, a string is called C,-trivial if C(o) < C(|o|) + e.

Whenever we write K (n) for n € N.we identify n with the string 0™ (the particular
encoding of numbers into strings is not significant). The intuitive notion of trivial
strings that we discussed abeye cotresponds to the special case e = 0 in Definition
1.2. However since the theory of Kolmogorov complexity is always dependent on
an underlying constant coxresponding to a particular optimal universal system of
descriptions, it is necessary to allow the formal definition to depend on a similar
constant. Let us use the terms ‘K-trivial and C-trivial’ if the choice of the underlying
constant e of Definition 1.2 is not essential, and even talk about the collection of
‘trivial’ strings when the nature of the underlying system of descriptions (plain or
prefix-free) is also not important in the particular context. The facts that we prove
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about the sets of K-trivial and C-trivial strings do not depend on the underlying
constant e, as long as the constant is chosen to be above a certain value. However, as
it happens with the case of the collection of the nonrandom strings, some properties
of the collection of trivial strings may depend on the choice of the underlying optimal
universal systems of descriptions.

In Section 2 we examine the collections of trivial strings in the light of the simplic-
ity and immunity notions from classical computability theory. We show that there is
no simple set of trivial strings. Notice that Kolmogorov(® followed.a similar approach
to the study of the collection of nonrandom strings, where he showed that it forms a
simple set. Despite this analogy, the real reason that we follow this®path of investiga-
tion is the basic question of whether the trivial strings can\be effectively enumerated.
Although intuitively this does not seem likely, a direct attack to this question via a
straightforward diagonalization fails. However, as it turns out, the approach that we
initiate in Section 3 leads to the negative answer ‘f this basic question in Section 3.

In Section 3 we show that if e € N is chosen large enough, the set of K, -trivial
strings intersects every infinite computably enumerable set of strings. Moreover, the
same holds for the C-trivial strings. This result, combined with the work of Section
2, shows that when e € N is chosen sufficiently large the collections of K.-trivial and
Ce-trivial strings are not computably enumerable. The results in Sections 2 and 3
also show that the many-one degree of these sets of strings (again, for suitably large
constant e) is incomparable with the many-one degree of the halting problem. In
particular, they are many-one incomplete. Continuing this degree theoretic analysis
of the sets of“trivial strings, in Section 4 we show that (for suitably large e € N)
the set of Ke—‘tri}/ial stings is in the same weak truth table degree as the halting
problem. Moreover, this also holds for the set C,-trivial strings. We note that this
also holds for the set of non-random strings. An natural question here isswhether
these collections are also truth table complete. In the case of the set of nonrandom
strings, this question turned out to be quite interesting. As we discussed aboyve, in
the case of plain complexity the set of nonrandom strings is truthytable complete
(independently of the underlying optimal universal machine). However in the case of
prefix-free complexity it can be truth table complete or inc<nplete, depending on the
underlying optimal universal system of descriptions.

In Section 4 we start a similar analysis.to d ermiine whether the collection of
trivial strings is truth table complete or not.q First, we show that in the case of
prefix-free complexity it can be made complete& incomplete, if suitable underlying
systems of descriptions are chosen. For the case of plain complexity we show that
it is complete, again subject to a suitable ‘€hoice of the underlying Turing machine.
However the question remains as to whether it is truth table complete with respect to
any choice of underlying optimal umiversal machine. In other words, does Kummer’s
theorem hold for the case of the trivial strings? Kummer’s original argument does
not translate to this case.«We leave this interesting question open.

In Section 4 we study subsets of N (viewed as infinite binary sequences) in the
light of trivial strings. A set X C N is called K-trivial if there is some e € N such that
all of its initial segments are K-trivial. An analogous definition applies in the case of
plain Kolmogorov complexity. We show that if X is computably enumerable and not
K-trivial, then it is the disjoint union of two computably enumerable sets that are
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not K-trivial. A similar result holds for the case of C-triviality. Actually, we prove
a stronger result that can be stated in terms of the so-called C' and K reducibilities
(denoted <¢ and <p respectively) that were proposed in Ref. [7] as measures of
relative randomness.

Definition 1.3 (<¢ and <k, see Ref. [7]). Given X,Y C N we say that
X <¢ Y if there is some ¢ € N such that C(X [,) < C(Y [,) for all n € N. Similarly,
we say that X <g Y if there is some ¢ € N such that K(X [,) < K(Y [,) for all
n € N. \

We show that any computably enumerable set A is the disjoint union of two c.e.
(short for ‘computably enumerable’) sets Ag, A1 such that Ag k@A and A; L A1,
for ¢ = 0,1. This theorem also holds for < and can be ‘seetleas an analogue of the
well known Sacks splitting theorem (e.g. see Ref. [15, Theorem 3.1]) for randomness
reducibilities. Finally in Section 6 we conclude with suggestions for further research
on the collection of trivial strings and a number of open questions.

The reader will notice that a number of-results in this paper about the sets of
K-trivial and Ce-trivial strings hold wl\e is chosen ‘sufficiently large’. For these
results, it is possible to find certain urﬁerlyi g optimal universal machines and certain
(finitely many) e € N with respect to which they do not hold. For example, consider
Corrollary 3.2 which says that (given some underlying optimal universal machine) for
sufficiently large e € N the corresponding set of K,-trivial strings are not computably
enumerable. We exhibit a particular optimal universal machine with respect to which
the above statement does not hold for e = 0.1 Given any optimal universal machine
U define machine V by V(117) = U(7) and V(07) = 0/Y(I. Then

%

s {7 | Kv(r) < Kv(7])} = {0" | n € N} (1.1)

Indeed, by definition we have Ky (0™) < Ky (n) for each n € N. On the ot}\er hand,
if o # 0l then Ky (0) = Ky (o) + 2. But by the second clause of the definition of V'
we have that Ky (01°) <1+ Ky (o). Hence Ky (0l°1) < Ky (o) which shows that o is
not Ky-trivial with respect to V. This proves (1.1), which in turn showsithat the set
of Ky-trivial strings with respect to V is computable. Similar ceunterexamples can
be found for other results in this paper that require ‘sufficiently large e € N’.

For background on algorithmic randomness we refer the reader to Ref. [11] and
Ref. [14].

g
2 Simplicity and Immunity \\

Clearly every string is K,-trivial for some e € N. What we are interested in here
is the complexity of the set of K -trivial strings. The same applies to C-triviality.
Recall that a set of strings is called immune if it does not contain any infinite c.e. set
of strings. It is called simple if it ise.e. and it intersects all infinite c.e. sets of strings
(i.e. its complement is immune).*

Proposition 2.1.  Fer each e € N, the sets of K -trivial and Ce-trivial strings
are not immune. ¥

Proposition 2.1 follows from the fact that the infinite set of strings 0™, n € N is
computable and each of its members is K,-trivial and C,-trivial for all e € N.

1) This nice example was provided to us by Adam Day.
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Theorem 2.2. Let e € N. There is no simple set of Ce-trivial strings.
Proof: If A is a simple set of strings, then

For each n € N there exists ¢ € N such that there are at least n

strings in A of length ¢. (2.1)

Indeed, otherwise if m be the largest number such that for infinitely many n there
are m strings of length n in A the set

{n | there are exactly m strings of length n in A\}

is c.e. and infinite. Hence if 2.1 did not hold, we would Be able to enumerate an
infinite c.e. set of strings in the complement of A. ThlS woulld Contradict the fact that
A is simple.

It remains to show that given a simple set b(strlngs A, there exists 0 € A such
that C'(o) > C(|o]|) + e. .

We construct a Turing machine M and by the recursion theorem we may use an
index d of it in its definition. The machine M simply searches for some n € N and a
stage s such that 297¢*! strings of length m are in A[s]. By (2.1) this search halts.
Then it describes n with a string of length 1.

By the standard encoding of the underlying optimal universal machine that we
have chosen we have C(i) < C(4) +d for all i € N. Moreover by the definition of M
we have C);(n) = 1, where n is a number such that there are 2¢+¢*! strings of length
n in A. For each C,-trivial string o we have C(c) < Cp/(|o]) + e + d hence if o is of
length n then.C&I) <1+ e+ d. This means that there are less than 2'*¢+4 many
C.-trivial strings of length n. Hence A contains a string which is not C,-trivial. O

An important fact in descriptive string complexity (e.g. see Ref. [14,\Lemma
5.2.21]) is that for each machine N there is some constant d such that

o | N(o) =n A |o| < C(n)+b}| <b?- 20+ \\, e (2.2)

for all b € N and strings . Let U be the underlying optimal un?versal machine and
consider the machine N (o) = |U(0)|. Given n € N all descﬁgtions of strings of length
n are N-descriptions of n.

Given n € N, the number of strings of lengt such that C(o) < C(n) + b is
at most the number of the descriptions of lengt h&( ) 4+ b that describe strings of
length n. Therefore it is at most the number of N=descriptions of n that have length

< C(n) + b. Hence by (2.2) there is some constant ¢ such that for all b € N
. 3

{7 | C(x) < CI7]) + b} < 0?20, (2.3)
3

The proof of Theorem 2.2 becomes shorter if we use (2.3) instead of constructing
machine M. We follow this route in the proof of the following analogous theorem
for prefix-free complexitys In particular we use the so-called coding theorem (see e.g.
Ref. [14, Theorems 2.2.25 and 2.2.26]) which implies that there is a constant d such
that for all b,n € N the cardinality of the set {0 | |o| =n A K(o) < K(n) + b} is
less than 20+4,

Theorem 2.3. Let e € N. There is no simple set of K.-trivial strings.
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Proof: Suppose that A is a simple set of strings. In the proof of Theorem 2.2 it
was shown that (2.1) holds. By the coding theorem there is some constant ¢ such that
for each n € N there are at most ¢ strings of length n which are K,-trivial. Hence A
cannot consist entirely of K,-trivial strings. O

The above results will be used in Section 3 in order to establish that the set of
K-trivial strings and the set of C,-trivial strings are not computably enumerable, for
suitably large e € N.

\
3 Computable Enumerability

o
We wish to exhibit some e € N such that the set o k}—‘trivial strings and the
set of C,-trivial strings intersect every infinite c.e. seth strings. For this reason, we
need the following simple fact about the complexities K«and C.

If V ={ts | s € N} is a computable l-knumeration of an infinite
c.e. set then there are infinitely mény s € N such that C(t,) < (3.1)
C(ts)[s]. The same holds er\ in place of C.

To see why (3.1) holds, construct a Tufing machine M as follows. By the recursion
theorem we can use an index d.of M in its definition. For each i € N find some s > 4
such that C'(ts)[s] > d+i+1 and describe ¢4 with a string of length i+1. Let this chosen
s be s;. For each ¢ there is at most one description of length ¢ 4+ 1, hence machine
M as prescribed above exists. By the standard encoding of the chosen underlying
universal machine, C(ts,) < d + Cp(ts;) = d+ i+ 1, hence C(ts,) < C(ts,)[s;] for
each i € N.“The same argument shows (3.1) for the prefix free complexity.

The follovﬁng result shows that the complements of the sets of C. and K.-trivial
strings are immune. It will be combined with Theorems 2.2 and 2.3 in order to show

that the sets of C, and K-trivial strings are not computably enumerable,

Theorem 3.1. Thereis e € N such that every infinite c.e. set of s%ingscontains
a Ce-trivial and a K.-trivial string. o

Proof: Let (W,,) be an effective enumeration of all c.e. sets of strings. For the part
of the theorem that refers to plain complexity, it suffices fo\deﬁne a Turing machine
M such that 3

o
R, : W, is infinite = o € W, W(o) < C(|a])]

for each n € N. Indeed, by the standard encoding of the underlying universal machine
we have C(7) < Cp(7) + e for an indexe of Miand all strings 7. Hence each infinite
c.e. set will contain a string o such that Co) < C(|o|) + e. Similarly, for the prefix-
free complexity it suffices to define a pr\eﬁx—free machine M such that the modified
R,, n € N with K in place of C' are satisfied. The following argument will produce
such a machine M simply by shuffling the descriptions that are used by the underlying
universal machine (i.e. mapping the same descriptions to possibly different strings).
Therefore exactly the same argument applies to both C and K. Without loss of
generality we state the argument in terms of C.

In order to meet a single condition R,, one would only have to wait for a string
o to appear in W,, and then ensure that Cy(c) < C(|o|) by letting M describe o
with the descriptions that the underlying universal machine gives to |o|. However
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when we try to satisfy all R,, we meet the following problem. When we decide to act
on some o € W, , other strategies may have already acted on other strings of length
|o|. If we ignore this issue, we may easily end up with M not having enough short
descriptions for certain strings. In fact, Theorem 2.3 shows that such a standard
‘simple set construction’ strategy is bound to fail.

The solution is to employ a more sophisticated finite injury argument using (3.1).
Consider the strategies in a priority list Ry, R1,... We order the strings first by length
and then lexicographically. Also, we use the term ‘universal description’ to refer to
the descriptions issued by the underlying optimal universal machine. At each stage
each strategy may hold a string . At each stage, each strategy hiolds at most one
string. Moreover at each stage and for each n € N there i z\ﬁ\;nost one strategy that
holds a string of length n. A strategy may get hold ofia string o such that some 7 of
the same length is currently held by a lower priority strategy. In this case the latter
strategy no longer holds 7. Consequently, if o i§held by some strategy R;, the only
reason why R; may lose o is if at some later stage a higher priority strategy gets hold

of some string of length |o|.
Strategy R, requires attention a}\sta s+ 1if

e it does not hold a string and
'
o there is some o € W,,[s+ 1] such that C(|o|)[s + 1] < C(|o])[s] and none of

R;,i < n holds a string of length |o].

In this case, if o is the least string with this property we say that R,, requires attention
via o. %

Construction. At stage s+ 1 if R;, @ < s is the highest priority that requires
attention via some string o, let it get hold of o. If some R; held some 7 with |7| = |o]|
at stage s, it loses it at this stage. For each R;, j < s which holds some o, if
C(lo))[s+ 1] < C(|o])[s] use the new universal description of |o| as an{/l—description
of o.

Verification. First, notice that M operates simply by using the descriptions
issued by the underlying universal machine. Since this shuffling is effective, M is
indeed a Turing machine. It remains to show that each R,, n € N is met. We use
induction to show that each R,, n € N is met and requires attention only finitely
often. Suppose that this holds for all ¢ < n and after stage sy no R;, ¢ < n requires
attention. If R, gets hold of a string after stz%e S0, or already holds one at stage
so clearly it never requires attention after stage S0.“On the other hand if it never
gets hold of a string at stages s > sp.it alse@ does not require attention after stage sq
(otherwise it would get hold of a string)s If W, is not infinite, R,, is met. Otherwise
if we consider the infinite c.e. set-of the lengths of the strings in W, it follows from
(3.1) that R,, will require attention and get hold of a string o at some stage s > sg
(if it does not already have one at sg). By the induction hypothesis it will hold ¢ at
all latter stages. Then the ‘construction ensures that Cps(0) < C(|o|). Hence R, is
met. U

Since the complexity functions K and C are w-c.e. (i.e. the limit of a computable
function with a computable bound on the number of changes that occur before the
limit is reached), the same holds for the sets of Ce-trivial and K,-trivial strings. The
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following result shows however that these sets are not 2-c.e., i.e. the difference of two
c.e. sets.

Corollary 3.2. For sufficiently large e € N, the sets of Ce-trivial and K-trivial
strings are not c.e and not the difference of two c.e. sets.

Proof: Fix e as large as the constant of Theorem 2.1. If the set of C.-trivial strings
was c.e., by Theorem 3.1 it would be simple. But this contradicts Theorem 2.2. A
similar argument applies to K-trivial strings, using Theorem 2.3. Finally if the set
of C, or K.-trivial strings was the difference of two c.e. sets then\it would either be
c.e. or its complement would have an infinite c.e. subset. Thisiwould contradict the
same theorems. # (]

As we discussed above, the sets of K -trivial and Ce—‘&iviﬁl strings are w-c.e. for
all e € N (i.e. they can be computably approximated with.a computable bound on the
number of changes in the approximation). We 'do not know if Corollary 3.2 can be
extended to all levels of the Ershov hierarchy o\f the n-c.e. sets. Frank Stephan (per-
sonal communication) suggested that the following result from Ref. [3] may possibly
be used in order to achieve this exte iz&

For every underlying optimal tiniversal machine U, there is a con-
stant a such that the Kolmogorov complexity C (as a function
from strings to N) isyf-c.e. (for a computable function f : N — N)

if and only if. f(n) > n/a for almost all n.
s

(3.2)

Here we say that the Kolmogorov function C' : 2<“ — N is f-c.e. for some computable
function f« N — N if it has a computable approximation during which the value of
C' on each string o changes at most f(|o|) many times.

4 Truth Table Completeness ) |

Recall that a set is c.e. iff it is m-reducible to the halting prNem. #Also, if
the halting problem is m-reducible to a set, then this set has an infimte c.e’set in
its complement. Hence the following is a direct consequence of Theorem 3.1 and
Corollary 3.2.

Corollary 4.1. For sufficiently large e € N the m—d%ee of the sets of C. and
K.-trivial strings is incomparable to the m-degreeof the halting problem.

We wish to know how the collection of trivial strings is classified with respect to
other reducibilities. For example, does it have the same Turing degree as the halting
problem? In the following we give a positive answer. In fact, we show that it has
the same weak truth table degree as the halting problem. Recall that a set X is
weak truth table to a set Y (often denoted by <) if every digit X (n) of it can be
computed via an algorithm which has access to a computably bounded (dependent
on n) segment of Y. It is not hard to see that the complexity functions K and C
are w-c.e. (i.e. limits of cemputable functions with computably bounded number of
changes in the approximagion). Since a function is truth table reducible to the halting
set if and only if it is w-c.e., we have the following.

Proposition 4.2. For every e € N the set of K -trivial and the set of Ce-trivial
strings are truth table reducible to the halting set.
In other words, they can be computed via a truth table which refers to the halting
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set. The following theorem shows that, in fact, the collection of trivial strings has the
same weak truth table degree as the halting set.

Theorem 4.3. For sufficiently large e, the sets of K,-trivial and C,-trivial
strings are (uniformly) weak truth table complete (i.e. ' is wtt-reducible to them
through a single reduction).

Proof: We give the proof for prefix-free complexity, as the proof for plain com-
plexity is entirely similar. Since there is a constant d such that K(n) < 2logn + d for
all n € N, there is some ng such that K(n) < 3logn for all n > ng. We are going to
enumerate a c.e. set V' containing at most one string of each length. Then by Ref. [5,
Lemma 2.6] there is a constant ¢ such that K (o) < K(|o|) % c fowall o € V.

Let de,n be a 1-1 computable double sequence of powers of 2 stich that d.,, > ng
and 2%.n—¢ > difyn. By the latter property we have %

2den . 2—<@+31°gde>\> (4.1)
g 8
At stage s, if n is enumerated in (" for eab% < s we do the following: if K (d. ,)[s] <
3logd. , we enumerate into V' the }e\ast tring of length d., such that K(o) >
3logd.., + e (by the choice of d, ,,, in particular (4.1), such a string exists). Notice
that by the choice of d., we haye K(d.,,) < 3logd.,, for all e,n € N. Moreover, V/
contains at most one string ofieach length.

Now fix e > c. We show how to (uniformly) compute (/' from the set of K,-trivial
strings. To see if n 6‘(2)’ find a stage s > e,n such that K(d.,)[s] < 3logde, and
K(o)[s] < 3logde ,, + € for all K.-trivial strings of length d. ,,. We claim that n € (/
iff n € ([s]."Indeed, if n was enumerated in () at a later stage s, a string 7 of length
de n, such that K(7)[s'] > 3logd, , + e would be enumerated in V. Such a string will
not be Ke-trivial by the choice of s. Since e > ¢, all strings in V' are Ke—triv{al. This
is a contradiction. O

In view of Theorems 4.3 and 2.1 it is natural to ask if the sets of\I(e—tri'vial and
C.-trivial strings are (or can be, under a suitable choice of the unBerlﬁng optimal
universal machine) truth table complete. As a matter of fact, the truth table degrees
of many sets that are naturally found in algorithmic randommess tend to depend on the
underlying universal coding of machines. For example, com;%er the set of nonrandom
strings. In the case of prefix free complexity, Muchnik and Pomtselsky[“] showed that
the set of nonrandom strings has incomplete tru X{e degree, under a certain choice
of the underlying optimal universal prefix-free machine. On the other hand in Ref. [1]
it was shown that the same set is truth table equivalent to the halting problem, under
a different choice of the underlying optimal universal prefix-free machine. Despite
this, Kummer!” showed that in the case of plain complexity the set of nonrandom
strings is always truth table complete. Another example of the ambiguity of the truth
table degrees of notions from algorithmic randomness is Chaitin’s Q. In Ref. [8] it was
shown that there are two umiversal optimal prefix-free machines M, N such that the
truth table degrees of the respective halting probabilities Q5 , Q) are incomparable.
Despite this, it is known (see e.g. Ref. [6]) that the truth table degree of the halting
probability of any universal optimal prefix-free machine is strictly below the truth
table degree of the halting problem.

In the following we discuss the truth table degrees of the set of K and C trivial

Copyright by Institute of Software, Chinese Academy of Sciences. All rights reserved



588 International Journal of Software and Informatics, Volume 5, Issue 4 (2011)

strings. Theorem 4.4 is a consequence of the following theorem from Ref. [13].

There is a universal optimal prefix-free machine V' such
that the set Oy = {{(o,n) | Ky (o) < n} is not truth table (4.2)
complete.

Theorem 4.4. There exists a universal optimal prefix-free machine V' such
that for all e € N the set of Ky .-trivial strings is not truth table complete.

Proof: Fix e € N and let V' be the machine of (4.2). By the same fact it suffices
to show that the set Sk(e) = {0 | Ky (o) < Ky (|o]) + e}.is truth table reducible
to Oy. Let L(e) = {{(o,t) | Kv(|o|) = t}. Clearly, L(e) €4 Off. Since there is a
constant ¢ such that Vo, Ky (|o]) < |o|+ ¢ we have Sk(e) € @y @ L(e). Hence since
L(e) <4 Oy we have Sk (e) <z Oy. N ]

The following result is based on an adaptatibx{ of an idea that was used in Ref. [1]
in order to show that with respect to a certain universal optimal prefix-free machine,
the set of K-nonrandom strings is truth‘ﬁl;lr‘e complete.

Theorem 4.5. There exists a\\opt al universal prefix-free machine V' such
that for all e € N the sets of Ky, -trivial strings are (uniformly) truth table complete.
The same is true for the plain gomplexity7 regarding the set of Cp-trivial strings
with respect to a plain machine F'.

Proof: The prooftapplies uniformly to the prefix-free and plain complexity cases.
We elaborate on the c‘asé of prefix-free complexity. Given a prefix-free machine M,
let

A Tu(e) ={o | Ku(o) < K(|o|) + e}

iy
be the set of Ky -trivial strings. In the following we let 2™ (for m € N) denote the
set of strings of length m (apart from its standard meaning as a number). Tt will be
clear from the context whether we regard it as a number or a set of strings.. We wish
to build an optimal universal prefix-free machine V' such that for a cé&tam constant
cand each e € Nand n > ¢ \

nel = 2" NTy(e) is odK (4.3)

This condition implies that ¢’ <;; Ty (e). Moreover these truth-table reductions are
uniform in e (because the constant ¢ does not dep%ﬂon e). Given a string o we let
@ denote the string that is obtained from o if éw(ery is replaced by a 1 and every
1 is replaced by a 0. Let U be a universal optimal prefix-free machine. We define a
machine IV as follows: if U(o) = 7 we let N(0o) = 7 and N(1o) = 7. Clearly N is
prefix-free and for all strings o, e € N, "¢

o €Ty(e) < 7 eTy(e) ‘hénce |2 N Tn(e)| is even for each m € N.  (4.4)

Without loss of generality we may choose the 1-1 pairing function (e,n) such that
Yen?2” Kn(em) < 273 amd (e,n) > e+ n for all e,n € N.

The following construction defines a new machine V' dynamically. Notice that
V(0o) = N(o) for all o, while V(1) is defined under certain conditions. A string
p is said to be acceptable at stage s + 1 if it is incomparable with all strings ¢ such
that V(1o)[s] |. In other words, if the addition of 1p to the domain of V' preserves
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the prefix-freeness of V. The construction will choose acceptable strings p;, i € N of
certain lengths in the course of stages. The existence of these strings will follow from
the Kraft-Chatin theorem, once we show that >, 2717l < 1 in the verification. We
order the strings first by length and then lexicographically.

Construction of V' At stage s + 1 do the following. If s is even and N(o)[s] =7
for some strings o, 7 of length < s, let V(0o) = 7. If s is odd, for each e,n < s with

e n c([s] and 2(¢™ — Ty (e)[s] # 0
3\

&
pick a string 7 ¢ Ty (e)[s] of length (e,n) and the leftn\o‘s}oacceptable string p of
length K ((e,n))[s] + e and let V(1p) = 7. \

Verification First we show that the acceptable strings that are requested in the
course of the construction exist. By the Kraft-Ghaitin theorem it suffices to show
that >, 271%! < 1, where (¢£;) is the sequenee'of the lengths of the strings that are
requested during the construction.

Let us divide the machine V' mtB\two arts. The left part V} is the restriction
of V' to the strings that are prefixed by 0.“The right part V,. is the restriction of V'
to the strings that are prefixed by 1. Clearly the domains of Vp, V,. are disjoint and
V2(00) = N (o) for all strings &. Moreover for each e,n € N,

e [2(¢™) N Ty (e)[s]] is even

Ty (e)'= ?V;(e) U Ty, (e) at each stage
|2¢¢m) N Ty, (e)] is even at each stage
%
where the second clause follows by (4.4). Each request for an acceptable string is

associated with a pair (e, n) and a current value k of K ({e,n)) at the stage where the
request is issued. By (4.5) for each (e, n), k at most one request is made and this is for a
string of length k+-e. Since K ({e,n))[s] is non-increasing in s, the requests assoeiated
with (e, n) have weight at most >, 27K~ {em))=e=i which is at most 2\2 Knflem))—e
So the requests associated with e have weight at most 2'7¢ %" 2~ Ky (i) which is
at most 27°72 by the choice of the pairing function. This shows tTlat the total weight
of the requests that occur in the construction is at most 2792 < 1.

Hence the construction is sound. By the choice of N and the definition of ac-
ceptable strings, the machine V is prefix-free. Moxeover, by the definition of V' and
the encoding n — 0" of numbers into strings K ~(n) + 1 for each
n € N. It remains to show there is a constan“Ksuch that ) holds for all e € N
and all n > ¢. By the coding theorem (see e.g. Ref. [14, Theorem 2.2.26]) there exists
a constant ¢ such that [2(4™ N Ty (e)}< 2% for each e,n € N. By the choice of the
pairing function we have e +n < (e, n) for all e,n € N. Hence |2(¢™ N Ty ()| < 2(¢™
for each e € N and each n >e. Given any e € N and n > ¢ we demonstrate (4.3). If
n & () the part V,. of the machine will not enumerate any descriptions for strings of
length (e, n). Therefore by (4.4) the number |2¢¢™ NTy (e)| is even and (4.3) holds for
the chosen e, n. Now suppose that n € (. Since [2{>™ NTy (e)| < 2{>™ at each stage
of the construction there will be a string of length (e, n) which is not in Ty (e). Since
we also have Ky (n) = Ky(n) + 1, the construction will ensure (in the odd stages
after n appears in (') that [2(¢™ N Ty, (e)| = 1. Since [2(¢™ N Ty, (e)] is always even
we can conclude that |2(™ N Ty (e)] is odd. Hence (4.3) holds for the given e, n.

(4.5)
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Notice that instead of using the Kraft-Chaitin theorem, we could let the domain
of V. be the strings 1p such that N(p) = 0™ for some n € N. This shows that the
above proof applies invariably to the case of plain complexity.

We do not know if the set of Ce-trivial strings is t¢-complete with respect to all
underlying optimal universal machines and for all sufficiently large e.

5 Splitting Theorems for < C' and < K

The archetypical splitting theorem for the computably enumerable sets in a de-
gree structure is the so-called Sacks splitting theorem (e.gs see Ref. [15, Theorem
3.1]). This asserts that each c.e. set of non-zero Turing degree is the disjoint union of
two c.e. sets of incomparable degrees which are strictly lower#than the degree of the
original set. With the growing interest in weak reducibilities as measures of relative
randomness, the local and global study of the‘corresponding degree structures has
become very relevant. In Ref. [5] it was observed ghat Sacks’ original argument can
be translated into the context of weak weduéibilities. This observation was applied
to the so-called LR reducibility, which can be used to compare oracles in terms of
the power that they have in ‘derandomizing’ sequences. A necessary condition for
this approach of emulating arguments from the theory of Turing degrees is that the
reducibility in question is ¥3. &

In this section we use this intuition to show that a splitting theorem holds for
the reducibilities of relative randomness based on plain and prefix-free complexity.
Although the proofs fellow Sacks’ original ideas, the translation of the argument is
not always trivial. This was already observed in Ref. [12] where the fact that & is
not a join opetator in the structure of the LR degrees meant that Sacks’ argument
(as this is presented in Ref. [15, Theorem 3.1]) gave a weaker version of the splitting
theorem for this structure. In Ref. [2, Footnote 6] it was observed that a‘modified
argument gave the full analogue of the splitting theorem for the LR degrees. A
detailed presentation of this modified argument can be found in Ref. Dé, Chapter 2].
In this section we use an analogue of this argument, along with speéial properties of
the reducibilities <, <k, in order to show the splitting theorem in this context. The
work in this section is joint with Tom Sterkenburg, and hiithesis Ref. [18, Chapter
2] contains a more detailed presentation of it.

In the following we let Ag|cA; mean that Ag £& Ay and A; £¢ Ag. Similar
notation applies to other reducibilities. First, we need the following lemma that gives
useful information about the nature of <¢ and <k

Lemma 5.1. Suppose that a set«4 is the disjoint union of two c.e. sets Ag, A;.
If AOlKAl then Ag, A1 <g A. Similarly,\if‘A0|CA1 then Ag, A1 <¢ A.

Proof: Observe that if A is the disjoint union of two c.e. sets Ag, A; then Ay,
A; are identity bounded Turing reducible to A (i.e. Turing reducible via a reduction
which uses only the first n bits 6f A on the argument n). Indeed, to determine if x
is in (say) Ag, we can checkif € A. If so, we know it is in one of the disjoint parts
Ap and A;; and we can goemputably enumerate both of them until x appears in one.
As a consequence, A; [, can be described using A [ n. Hence the initial segment
complexity of the former is no more than that of the latter, up to a constant. In other
words, A; <x A. Moreover, if Ay and A; are K-incomparable then A £ A; because
otherwise we would have A_; <k A;.

Copyright by Institute of Software, Chinese Academy of Sciences. All rights reserved



George Barmpalias: On strings with trivial Kolmogorov complexity 591

It follows in the same way from Ag, A1 <;r A (where <;1 denotes the identity

bounded Turing reducibility) that A, A1 <¢ A. So if Ag|cA; then A €& Ag, Ay just
as in the prefix-free case.
We are now ready to prove the splitting theorem for <y. As we indicated above, the
construction is not a straightforward adaptation of the argument behind the splitting
theorem of Sacks for the Turing degrees. On the other hand, one can use the ideas
below to prove Sack’s theorem for the Turing degrees without any assumption about
@ being a least upper bound operator in the Turing degrees.

Theorem 5.2. Let A be a c.e. set such that A > (). Th;,\n A is the disjoint
union of two c.e. sets Ag, Ay such that Ag|x A and Ay, A1 < i Ae

Proof: In the course of enumerating the elements of Ain o Agand A; we satisfy
the following requirement for e € N and ¢ = 0, 1. N\

Ricsy: 3n [K(A1s 1) > K(AM,) +e].

Thus we ensure that Ag £x A; and Ay Ao By Lemma 5.1 we also get Ag, A1 <k
A. Define the length of agreement of\%e atistage s by

l(e,1)[s] = the greatestin < s such that K(A;_; [,)[s] < K(A; [n)[s] + e
'

and let the restraint of R, at Stage s be given by

VO rled)ls) = max{i(e, )it e}.

Notice that by‘de‘ﬁnition the restraint is non-decreasing in the stages s. Let A;[0] =0
for ¢ = 0,1 and without loss of generality assume that at each stage exactly one
element is enumerated in A. 1%

Construction If z € A[s+ 1] — A[s] consider the least (e, i) such that 2'< r(ey4)[s]
and enumerate x into A;_;. 4

Verification By induction we show that each requirement is satisfied and its re-
straint reaches a limit. Suppose that there is a stage so such that for all (e’,i") < (e, )
requirement R/ ;y is met and r(e’,i’)[s] remains constant for all s > so. Without loss
of generality we may assume that sg is large enough so thatall numbers enumerated
in A after so are larger than the final values of r(el,i');(e’, ') < (e, ).

By the choice of sg, after that stage all numbers enumerated into A; will be larger
than the current value of (e, 7). If R ;) was notimet, the length of agreement (e, i)
and the restraint r(e,?) tend to infinity. Henge A; is computable, hence K-trivial.
Since R ;) is not met, it follows that Ay s4is K-trivial. Since A is the disjoint union
of Ap and A; we have A =7 Ag ® A;. Then A is K-trivial, given that K-triviality
is closed under the join operator.” This contradicts the assumption about A. Hence
Rc.qy is met. 3

To conclude the induetion step it suffices to show that r(e, 7) reaches a limit. But
this is a direct consequenge of its definition and the fact that R ;y is met.

The proof of Theorem 5.2 can be written for < instead of <x with no essential
changes. This trivial modification gives the following.

Theorem 5.3. Let A be a c.e. set such that A >c 0. Then A is the disjoint
union of two c.e. sets Ag, Ay such that Ag|cA; and Ag, 41 <¢ A.
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Finally we note that Theorems 5.2 and 5.3 can be combined with a number of
other c.e. splitting theorems, like the Sacks splitting theorem for the Turing degrees.
In other words, in the conclusion we can add the conditions Ay, A1 <7 A and Ag|rA;.
This merely requires a direct combination of the two splitting constructions, hence
we do not elaborate.

6 Ideas for Further Research

In this paper we studied the complexity of the collection of strings with trivial
Kolmogorov complexity. A basic open question that remains isswhether it is truth
table complete independently of the underlying optimal u‘niversﬁl machine, in the
case of plain Kolmogorov complexity. Another question‘(see‘ Section 3) is whether
this set is n-c.e. for some n € N, and whether the anster depends on the choice of
the underlying optimal universal machine.

Another way of studying this collection is front a resource bounded point of view
(e.g. time complexity). This is the appreach that was taken by Allender, Buhrman
and Koucky, for example, in Ref. [1] f%?&study of the collection of the nonrandom
strings. In this spirit we can ask ’

What can be efficiently reduced*to the strings with trivial Kolmogorov complex-
ity? . 3

The issues that we discussed in this paper can also be investigated in the case
of another interesting Emd closely related set of strings, the so-called strongly random
strings.

Deﬁnitiop 6.1 (Strongly random strings). A string o is called strongly
K -random if K(o) > |o| 4+ K(|o]) — c.

These strings were studied by Solovay['®) and Miller'?. They are also called
‘strongly K-random with constant ¢’. Notice that these are highly randem strings,
given that there is a constant d such that K(7) < |7| + K(|7]) + d fox all strings .
Clearly the complement of the set of strongly K.-random strings is avariationi of the
set of nonrandom strings. However Miller['?l showed that, in contrast with the set
of nonrandom strings, it is not computably enumerable (for sufficiently large ¢). The
methodology presented in this paper may be applicable to ?ﬁelstudy of the complexity
of this collection.
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